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M.I.OSTROVSKII
W ∗-DERIVED SETS OF TRANSFINITE ORDER OF SUBSPACES
OF DUAL BANACH SPACES
Let X be a separable Banach space and X∗ be its dual space. If Γ is a linear (not
necessarily closed) subspace of X∗, then the w∗-derived set of Γ, denoted Γ(1), is the set
of all limits of w∗-convergent sequences in Γ. Generally speaking, Γ(1) may be non-closed
in w∗-topology [1]. This was a reason to S.Banach to introduce [2, p. 213] derived sets
of other orders, including transfinite ones. Their inductive definition is the following.
The w∗-derived set of order α is the set
Γ(α) =
⋃
β<α
((Γ(β))(1).
We have Γ ⊂ Γ(β) ⊂ Γ(α) for β < α and if Γ(α) = Γ(α+1) then all subsequent derived sets
are equal to each other. In [2, p. 209–213; 3–7] it was proved that for some separable
Banach spaces there exist subspaces in their duals for which the chains of different
w∗-derived sets is long in certain sense (see Commentary). We shall also consider only
separable spaces.
Let us recall that Banach space X is called quasireflexive if dim(X∗∗/pi(X)) < ∞,
where pi : X → X∗∗ is the canonical embedding.
THEOREM. Let X be a nonquasireflexive separable Banach space. Then for every
countable ordinal α there is a linear subspace Γ ⊂ X∗ for which Γ(α) 6= Γ(α+1) = X
∗.
Remarks. LetX be a separable Banach space. Then for every subspace Γ ⊂ X∗ there
exists a countable ordinal α for which Γ(α) = Γ(α+1) [8, p. 50]. In [6] it is proved that
the length of the chain of different w∗-derived sets cannot be equal to a limit ordinal.
From [2, p. 213] and well-known properties of quasireflexive spaces (see [8, Chapter 4])
it follows that if X is a quasireflexive separable Banach space then for every subspace
Γ ⊂ X∗ we have Γ(1) = Γ(2). Hence our result is the best possible for separable Banach
spaces.
Lemma 1. Let X be a separable Banach space, Y be its subspace, ξ : Y → X be
the operator of the identical embedding, and Γ be a subspace of Y ∗. Then for every
ordinal α we have (ξ∗)−1(Γ(α)) = ((ξ
∗)−1Γ)(α).
Proof. The inclusion (ξ∗)−1(Γ(α)) ⊂ ((ξ
∗)−1Γ)(α) follows by the w
∗-continuity of the
operator ξ∗. In order to prove the inverse inclusion it is sufficient to show that for
every sequence {fi}
∞
i=1 ⊂ Y
∗ with w∗ − lim fi = f and any g ∈ (ξ
∗)−1({f}) there ex-
ist gi ∈ (ξ
∗)−1({fi}) such that w
∗ − lim gi = g. Let {ei}
∞
i=1 be a sequence for which
ei ∈ (ξ
∗)−1({fi}) and ||ei|| = ||fi||. Then the sequence {ei − g}
∞
i=1 is a bounded se-
quence of X∗ and all its limit points are in (ξ∗)−1({0}). Weak∗ topology is metrizable
on bounded subsets of the dual of separable Banach space. Therefore there exists a
sequence {hi}
∞
i=1 ⊂ (ξ
∗)−1({0}) for which w∗− lim(ei− g − hi) = 0. It is clear that the
vectors gi = ei − hi(i ∈ N) forms the desired sequence.
Proof of the theorem. We need the following fact [9]: every nonquasireflexive Banach
space X contains a bounded away from 0 basic sequence {zn}
∞
n=0 for which ||zn|| ≤ 1
and the set
1
{||
k∑
i=j
zi(i+1)/2+j ||}
∞
j=0,
∞
k=j
is bounded. Let us denote by Z the closure of the linear span of the sequence {zn}
∞
n=0 ⊂
X . In order to prove the theorem it is sufficient by Lemma 1 to find a subspace Γ ⊂ Z∗
for which Γ(α) 6= Γ(α+1) = Z
∗.
Let us introduce some notations. We will write zji for z(j+i−1)(j+i)/2+j , biorthogonal
functionals of the system zn(z
j
i ) will be denoted by z˜n(z˜
j
i ). By abovementioned result
from [9] we have
sup
j,m
||
m∑
i=1
zji || = M1 <∞.
Therefore for every j = 0, 1, 2, . . . the sequence {
∑m
i=1 z
j
i }
∞
m=1 has at least one w
∗-limit
point in Z∗∗. Let us for every j = 0, 1, 2 . . . choose one of such limit points and denote
it by fj. It is clear that ||fj|| ≤M1.
Lemma 2. For every vector g0 ∈ Z
∗∗ of the form afj + z
r
s(a > 0, r 6= j), every
countable ordinal α and every infinite subset A ⊂ N such that j, r 6∈ A there exists a
countable subset Ω(g0, α, A) ⊂ Z
∗∗ such that
1) The set K(g0, α, A) defined by K(g0, α, A) = (∩{kerh : h ∈ Ω(g0, α, A)}) satisfies
the condition: (K(g0, α, A))(α) ⊂ ker g0.
2) All vectors h ∈ Ω(g0, α, A) are of the form h = a(h)fj(h) + z
r(h)
s(h) with j(h), r(h) ∈
A ∪ {j, r}, a(h) > 0, and if we have j(h) = r or r(h) = r then h = g0.
3) Every finite linear combination of vectors {z˜n} which is of the form
bz˜rs + u; u ∈ lin({z˜
t
k}
∞
k=1,t∈A∪{j}) (1)
must be in (Q(b, g0, α, A)(α) (where Q(b, g0, α, A) is the set of all linear combinations of
the type (1) which are in K(g0, α, A)) if it is in ker g0. (Here we need to remark that
the definition of the w∗-derived sets for subsets which are not subspaces is the same.)
At first we will finish the proof of the theorem with the help of lemma 2. ¿From 1) it
follows that (K(g0, α, A))(α) 6= Z
∗. Let us show that 3) implies (K(g0, α, A))(α+1) = Z
∗.
Let us recall that {zn}
∞
n=0 is a basis in Z, therefore {z˜n}
∞
n=0 is a w
∗-Schauder basis in Z∗
[10, p. 155], i.e. every vector z˜ ∈ Z∗ can be represented as z˜ = w∗− limn→∞
∑n
k=1 akz˜k,
where ak = z˜(zk).
It is clear that vectors y˜n =
∑n
k=0 akz˜k − g0(
∑n
k=0 akz˜k)z˜
j
n/a can be represented in
form y˜1n+ y˜
2
n where y˜
1
n is of type (1) and is in ker g0, and y˜
2
n is a finite linear combination
of the vectors {z˜n}
∞
n=0\({z˜
t
k}
∞
k=1,t∈A∪{j} ∪ {z˜
r
s}), and, hence, y˜
2
n ∈ K(g0, α, A). By 3)
we have y˜1n ∈ (K(g0, α, A))(α). Therefore y˜n ∈ (K(g0, α, A))(α). It is clear also that
w∗ − lim y˜n = z˜. Thus the proof of the theorem is complete.
Proof of Lemma 2. A. Let us suppose that the assertion of Lemma 2 is true for ordinal
α. Let us show that it is true for α+1. Let us represent the set A as a countable union
of pairwise disjoint infinite subsets, A = ∪∞k=0Ak. Let εi > 0 (i ∈ N) be such that∑∞
i=1 εi < ∞. Let us introduce the sequence {gn}
∞
n=1 ⊂ Z
∗∗ by gn = εnfp(n) + z
j
n,
where p : N → A0 is some one-to-one mapping. Let Ω(gn, α, An) be the sets whose
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existence follows from our assumption. Let us show that we can let Ω(g0, α + 1, A) =
(∪∞n=1Ω(gn, α, An)) ∪ {g0}. It is clear that 2) is satisfied.
Let us show that 1) is satisfied. In order to do this we will using transfinite induction
show that for β ≤ α + 1 we have (K(g0, α + 1, A))(β) ⊂ ker g0. Let us suppose that
we prove this for certain β ≤ α. Let us derive from this assumption that (K(g0, α +
1, A))(β+1) ⊂ ker g0. In order to do this we must prove that for any w
∗-convergent
sequence {y˜i}
∞
i=1 ⊂ (K(g0, α + 1, A))(β) its limit y˜ = w
∗ − lim y˜i belongs to ker g0. We
have already noted that {z˜n} is w
∗-basis in Z∗. Let us estimate coefficients {α(i)jn}
∞
n=1
which are staying near vectors {z˜jn}
∞
n=1 in the corresponding w
∗-decomposition of y˜i. It
is clear that sup ||y˜i|| = M2 < ∞. ¿From β ≤ α and induction hypothesis we obtain
gn(y˜i) = 0. We have gn(y˜i) = α(i)
j
n + εnfp(n)(y˜i), hence
|α(i)jn| ≤ εnM1M2(n ∈ N). (2)
Therefore vector y˜i can be represented in the form y˜i = ui + vi in such a way that w
∗-
decomposition of ui doesn‘t involve vectors z˜
r
s and {z˜
j
n}
∞
n=1 and vi = aiz˜
r
s+
∑∞
n=1 α(i)
j
nz˜
j
n.
By (2) this series is strongly convergent. It is clear that w∗-convergence implies coordi-
natewise convergence, therefore it follows from (2) that y˜ also can be represented in the
form y˜ = u + v in the same manner. So we have v = w∗ − lim vi and u = w
∗ − lim ui.
From ui(
∑m
k=1 γkz
j
k + δz
r
s) = 0 (i ∈ N) and analogous equality for u which holds for
all m, {γk}
m
k=1 and δ it follows that g0(ui) = 0, g0(u) = 0. Since y˜i ∈ ker g0 we have
vi ∈ ker g0.
Thus it is sufficient to prove that v ∈ ker g0. This assertion follows from v =
w∗ − lim vi; vi ∈ ker g0 and the following two facts:
a) For every i ∈ N we have vi ∈ V := {z˜ ∈ Z
∗ : z˜ =
∑∞
k=1 ckz˜
j
k + dz˜
r
s , |ck| ≤
εkM1M2, |d| ≤ M2} and the set V is compact in the strong topology.
b) Initial topology of compact space coincides with any other Hausdorff topology
which is weaker than it [11, p. 249].
Therefore we proved that if β ≤ α and (K(g0, α+ 1, A))(β) ⊂ ker g0 then
(K(g0, α+ 1, A))(β+1) ⊂ ker g0.
The case of limit ordinal is evident.
The proof of 3) follows immediately from the induction hypothesis and the following
assertions, which can be easily verified:
(i) any vector of type (1) can be represented in form bz˜rs +
∑m
k=1 akz˜
j
k + uk, where
uk ∈lin ({z˜
t
l}
∞
l=1,t∈Ak∪{p(k)}
).
(ii) ifM contains all vectors of the type (1) from ker g0 then M(1) contains all vectors
of the type (1).
(iii) if collection {ak}
m
k=1 ⊂ R and b ∈ R are such that g0(bz˜
r
s +
∑m
k=1 akz˜
j
k) = 0 then
we have Q(b, g0, α+ 1, A) ⊃ bz˜
r
s +
∑m
k=1Q(ak, gk, α, Ak).
(iv) for any finite collection of sets Mi ⊂ Z
∗, i = 1, 2, . . . , m, and any ordinal α we
have (
∑m
i=1Mi)(α) ⊃
∑m
i=1(Mi)(α).
B. The case in which α is a limit ordinal. By [11, p. 72] we can find an increasing
sequence {αi}
∞
i=1 of ordinals for which α is a limit.
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Let {An}
∞
n=0 and {gn}
∞
n=1 are the same as in A. By induction hypothesis we can find
subsets Ω(gn, αn, An) ⊂ Z
∗∗. The fact that (∪∞n=1Ω(gn, αn, An))∪{g0} is the desired set
can be proved in the same way as in A with unique distinction that inequalities (2) are
valid not for all n but for all exept finite number of them.
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COMMENTARY BY THE AUTHOR (July, 1991).
I would like to say several words about history and applications of “long chains” of
w∗-derived sets.
S.Mazurkiewicz [1] was the first who found a subspace Γ ⊂ (c0)
∗ for which Γ(1) 6= Γ(2).
S. Banach [2, p. 209] developed this construction and for any n ∈ N found a subspace
Γ ⊂ (c0)
∗ for which Γ(n) 6= Γ(n+1) and stated analogous result for any countable ordinal
α. But S.Banach’s proof of this result never appeared. This statement has been proved
by O.C.McGehee [3]. (It is interesting to remark that O.C.McGehee used results from
Fourier analysis.) At almost the same time D.Sarason (using the complex analysis)
obtained analogous results for l1 and L1/H1 [4, 5]. In [6] B.V.Godun observed that the
length of the chain of different w∗-derived sets must be countable and cannot be equal
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to a limit ordinal. In [7] B.V.Godun proved that for any nonquasireflexive separable
Banach space X and any n ∈ N there exists a total subspace Γ ⊂ X∗ for which
Γ(n) 6= X
∗.
The problem of existence of a total subspace Γ ⊂ X∗ for which Γ(n) 6= X
∗ for all
n ∈ N is turned out to be important in the theory of topological vector spaces [12]. This
problem has been posed by V.B.Moscatelli at the Ninth Seminar (Poland - GDR) on
Operator Ideals and Geometry of Banach spaces (Georgenthal, April, 1986) [13, Prob-
lem 17]. This problem is solved by the result of present paper (At the time of writing
it the author had not any information about [12] and [13]) Independently and almost
at the same time V.B.Moscatelli [14] proved that for any separable nonquasireflexive
Banach space X there exists a subspace Γ ⊂ X∗ for which Γ(ω) 6= X
∗ (where ω is the
first infinite ordinal). In [15] V.B.Moscatelli obtained this result in more explicit form.
The reader may consult [12, 15, 16] for applications of the “long chains” in the theory of
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